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A space-filling polyhedron is one whose replications can be packed to fill 
three-space completely. There are only four space-filling tetrahedra. These and 
the known space-filling polyhedra of five faces are described and tabulated. 
1. INTRODUCTION 
In Hilbert’s eighteenth problem [l], he asked: “What convex polyhedra 
exist for which a complete filling of all space is possible by juxtaposition 
of congruent copies ?” It is frequently expressed that this problem has 
been solved. However, even the solution of the plane case, the paving 
of the plane by congruent convex polygons, has not yet been published. 
Recently, Richard B. Kershner found three new pentagons that had not 
been previously listed [2]. The prisms based on the plane-filling polygons 
are space-filling polyhedra. Hence, these new plane-filling pentagons 
produce new space-filling polyhedra. It seems, therefore, that a systematic 
study and tabulation of all the possible convex polyhedral space-fillers 
has not been accomplished. Andreini [3] has made a good beginning. 
Wood [4] and Williams [5] have prepared larger tabulations. None claimed 
completeness. The derivation and tabulation of the four space-filling 
tetrahedra was accomplished by Sommerville [6, 71. Three of these had 
been described by Hill [8] in connection with a related problem. The 
four tetrahedra were confirmed by Davis [9]. They are shown in Table 1. 
From the foregoing observations, one would surmise that a practical 
approach to the problem is the tabulation of the polyhedra by the number 
of faces. 
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I  I  
EDGE LENGTH ANGLE LENGTH ANGLE 
A0 6 60° ti 60’ 
AC 6 60° f-2 90° 
AD 2 900 2 4s” 
BC 2 9o” I 9o” 
:,” 6  60° ’ 6 6 60’ 90’ 
.I 42 Do 43s” 
iOMMERYlLLE NO.3 
I/+ of No./ 
2. SYNTHETIC DERIVATION OF SPACE-FILLING POLYHEDRA 
Among the well-known space-fillers are the prisms based on the plane- 
filling polygons. These now include all the triangular prisms, all the 
quadrilateral prisms, three hexagonal prisms, and eight pentagonal prisms. 
Other well-known space-fillers are the rhombic dodecahedron and the 
14-faced truncated octahedron. If any of these can be subdivided into 
congruent polyhedral pieces, then each of these pieces is also a space-filler. 
This is the method used by Andreini and by Wood. It is continued here in 
the derivation of the pentahedral space-fillers. 
3. THE PENTAHEDRAL SPACE-FILLERS 
Table II shows all the known space-filling pentahedra. They include 
prisms, truncated prisms, and pyramids. In the table, the method by which 
each was derived is indicated under the name. The relative lengths of the 
edges and the corresponding dihedral angles are given. Most of these have 
one or more independent variables. Polyhedra bearing the symbols 5-V, 










- n - 6
 
= a - 6 
THE SPACE-FILLING PENTAHEDRA 441 
5-VI-O, and 5-W are invariant shapes derived by dissecting the regular 
sphenoid, which is Sommerville’s No. 1 in Table I. In cases S-11-1, 5-M-1, 
and 5-VIII- 1, a variable length can be reduced to zero, giving the pyramids 
5-11-0, 5-VI-O, and 5-VIII-O. The trapezoid base of 5-11-O can be made into 
a square. This special case can be obtained by exploding a cube from its 
center into six square pyramids whose bases are the six faces of the cube. 
Similarly, the rhombic base of 5-VI can be made into a square to produce 
a square pyramid. 
FIGURE 1 
A square pyramid of type 5-111 can be made by joining two tetrahedra 
of type Sommerville No. 3. Its base has edges of length 2. The four edges 
from the apex have length 6. This pyramid can be cut by a plane through 
the apex and its altitude, but not through the edges, into two congruent 
pentahedra of type 5-1X. 
A rhombic pyramid of type 5-IV can be made by joining two tetrahedra 
of type Sommerville No. 1. Its base has edges of length d3. The edges 
from the apex have lengths 2, 43, 2, 43. This pyramid can be cut by a 
plane through the apex and its altitude, but not through the edges, into 
two congruent pentahedra of type 5-X. 
As a further example of the techniques employed here, consider the 
space-filling prism whose base is an isosceles trapezoid. The angle between 
a side and the base of the trapezoid is designated by 19. See Figure 1. If, 
through the center of the plan view, the plane cut AB is made at an angle 8 
with a side, then the prism is divided into two congruent hexahedral pieces. 
If another plane cut CD is made through the diagonal of the square which 
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is the end view, then the prism is divided into four congruent pentahedral 
space-tillers designated by 5-VIII-l in Table II. 
The list of pentahedral space-fillers in Table II may not be complete. 
In view of the past history of this problem, a claim of completeness is 
untenable without a thorough analysis, or an exhaustive study. 
4. DEHN'S CONDITION 
Hilbert’s third problem asked: “Is it always possible to divide two 
polyhedra of equal volume into finite identical sets of pieces ?’ Dehn [lo] 
showed that this is not always possible. Also, he showed that a necessary 
condition for such a division is that there exist a linear form with integral 
coefficients which connects the measures of the dihedral angles of the 
polyhedra with the dihedral angles of the pieces. This condition might be 
invoked to exclude some polyhedra from the list of space-fillers, but it is 
of no help in finding the satisfactory space-fillers. 
For example, if a finite set of congruent space-fillers filled a rhombo- 
hedral region (a parallelepiped), then a linear form of the measures of the 
dihedral angles of the space-filler must be equal to an integral number of 
right angles. If the sum of the dihedral is a rational fraction of z-, then the 
Dehn condition is satisfied. Note, in Table II, that each of the sums of 
the dihedral angles of the tabulated space-fillers (except for 5-U and 
5-11-O) meets this requirement. For 5-11-O and 5-111, one must use the more 
general linear form. Each of the tabulated space-fillers can be used to 
fill a rhombohedron. The number required is designated under “n.” 
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